This paper deals with some new generalizations of Hardy's integral inequalities. Some cases concerning whether the constant factors involved in these inequalities are best possible are discussed in some detail.
where the constant p p in (1.4) is still best possible. Both inequalities (1.2) and (1.4) are known as Hardy's integral inequalities. They play an important role in mathematical analysis and its applications. Recently, Yang et al. [1] gave some new generalizations of (1.2) which can be stated as follows:
For any a and b, (0 < a < b < ∞), the following inequalities hold:
The main objective of this paper is to consider some cases whether the constant factors involved in (1.5), (1.6), and (1.7) are best possible. This is followed by some more new generalizations of (1.4), (1.5), (1.6), and (1.7).
Best possible constant factors.
This section deals with calculations of the best possible constant factors involved in (1.5), (1.6), and (1.7).
where the constant
Proof. In view of the proof given in
where the weight function g p (t) is defined by
Setting η p (a, b) := max a≤t≤b g p (t), since g p (t) is a nonconstant continuous function, then by (2.4), we have (2.1). Since g p (b) = 0, and for any t ∈ [a, b),
and g p (a) > 0, then we have η p (a, b) > g p (a) = 1/p[1 − (a/b) 1/q ] p . This completes the proof.
Remark. This theorem implies that the constant factor q p [1 − (a/b) 1/q ] p in (1.5) is not best possible, and the best value of k p (a, b) for which (1.5) exists is bounded. More precisely,
For any a, b > 0, the same constant factor q p in (1.6) and (1.7) is best possible.
Proof. If the constant q p in (1.6) is not best possible, then there exists
(2.9) 
(2.11) This is a contradiction, and hence the constant factor q p in (1.6) is best possible. If the constant factor q p in (1.7) is not best possible, then there exists
This is a contradiction, and the constant factor q p in (1.7) is best possible. The theorem is proved.
Some new general inequalities.
We first prove two lemmas. (0,b) , such that for any x ∈ (0,x 0 ), the following
Proof. For any x ∈ (0,b) , by Holder's inequality, we have
We have to show that there exists x 0 ∈ (0,b) such that for any x in 0 < x < x 0 , the equality in (3.2) does not hold. Otherwise, there exists x = x n ∈ (0,b), n = 1, 2, 3,... and the sequence x n decreases to zero such that (3.2) becomes an equality. Moreover, there exist c n and d n which are not always zero such that (see [3, p. Proof. We have, by Holder's inequality as in Lemma 3.1, and for any x ∈ (a, ∞) ,
We show that there exists x 0 ∈ (a, ∞), such that (3.6) does not assume equality for any x ∈ (a, x 0 ). Otherwise, there exists x = x n ∈ (a, ∞)(n = 1, 2,...), x n ↓ a, such that (3.6) becomes an equality. By the same argument as in Lemma 3.1, there exists c > 0 and N, such that for any n > N, [t (p+1)/pq f (t)] p = c(t −(p+1)/pq) ) q , a.e. in [x n , ∞), and hence 
where the weight function h p (t) is defined by This completes the proof.
Remark. It follows from this theorem that the best value λ p (a, b) for which inequality (3.7) exists is bounded, that is, 
